I. INTRODUCTION
The unique properties of liquid crystals (LC), combining features of both isotropic liquids and anisotropic crystals, are at the basis of their use in several optical applications [1, 2] . In the absence of absorbing dopants, typical liquid crystalline materials exhibit excellent optical transparency from the ultraviolet to the mid-infrared, high damage threshold and substantial birefringence in the nematic phase, the latter a metaphase with molecules angularly oriented, but positionally disordered [1] . Many practical realizations of LC-based photonic elements and devices have been introduced, including, e.g., displays, gates and routers, optical waveguides, spatial light modulators, variable waveplates and many more [1] [2] [3] [4] . All of them benefit from relatively simple and inexpensive fabrication processes, high sensitivity to and tunability with external stimuli, large electro-optic, magneto-optic and nonlinear optical responses. Due to the latter, the last two decades have witnessed extensive efforts towards understanding and exploiting optical spatial solitons in nematic LC (NLC), also termed nematicons [5] [6] [7] . Nematicons are two-dimensional, (2 + 1)D in mathematical terms, optical solitons with stability due to the large nonlocal character of the NLC response caused by intermolecular links in the fluid state [7] . Most NLC are birefringent with positive uniaxiality characterized by refractive indices n and n ⊥ < n for electric fields parallel and perpendicular to the optic axis n, respectively. In NLC, the optic axis coincides with the molecular director, the unit vector describing the average alignment of the elongated molecules. When a light beam with electric field E propagates in NLC, the induced dipoles undergo a reorientational torque Γ = ǫ 0 ∆ǫ(n · E)(n × E), with ǫ 0 the dielectric constant of vacuum and ∆ǫ = n 2 − n 2 ⊥ . The equilibrium position of the director n is therefore determined by a balance between the torque and the elastic forces stemming from intermolecular links and an-choring conditions at the boundaries [1, 5, 7] . When the molecular director n is perpendicular to the electric field, reorientation can only occur above a threshold, the so-called Freedericksz transition [1] , which can be avoided by either applying an external voltage to tilt the molecules or by rubbing the cell interfaces and aligning n at an arbitrary orientation θ 0 in the principal plane defined by n and the beam wave-vector k. If a finite-size light beam is launched with phasefronts orthogonal to k as an extraordinary (e) wave with electric field E coplanar with n and k, the corresponding refractive index n e undergoes an increase related to the acquired angular orientation θ=θ 0 + ψ of n with respect to k, with ψ the nonlinear optical contribution and n 2 e (θ) = n 2 ⊥ n 2 /(n 2 cos 2 θ + n 2 ⊥ sin 2 θ). Thus, self-focusing in reorientational NLC relates to an increase in the extraordinary refractive index due to the reorientation ψ of the optic axis. Moreover, the birefringence of the uniaxial determines the angular departure-the walk-off δ-of the e-wave energy flux-the Poynting vector S e -from the wave-vector k, with δ ≈ ∆ǫ sin 2θ 0 ∆ǫ + 2n 2 ⊥ + ∆ǫ cos 2θ 0
in the weakly nonlinear regime |ψ| ≪ θ 0 . Hence, nematicons are reorientational, self-trapped, extraordinarilypolarized wavepackets which propagate rectilinearly in the principal plane with transverse velocity δ with respect to k [8] [9] [10] . Moreover, the light-induced refractive index modulation n e (θ) − n e (θ 0 ) gives rise to a graded-index channel waveguide able to confine and route other (weak and co-polarized) optical signals, making nematicons an excellent platform for realizing dynamic (real time) guided-wave circuits for optical processing [11] [12] [13] or even permanent ones upon polymerization of the beam-defined structures [14] . In the context just described, it is highly relevant to engineer/control nematicon trajectories and the corresponding waveguide paths by acting on walk-off and/or phasefront curvature, the two effects being interconnected through their θ-dependence in uniaxial media. A number of viable approaches have been reported in order to modify nematicon trajectories by altering θ 0 , including voltage-driven rotation of the principal plane [9] , electro-optic orientation [15] [16] [17] [18] , refraction and total internal reflection at an NLC-NLC interface [19] [20] [21] [22] , lightinduced director changes in the highly nonlinear regime [23] [24] [25] [26] [27] , chiral doping [28, 29] , magneto-optic orientation [30, 31] , etc. Moreover, even in the absence of polarization dynamics giving rise to a Pancharatnam-Berry geometric phase for light propagation in bulk [32, 33] , nematicons and their waveguides can be bent by propagating in NLC with a transverse modulation of the optic axis distribution, as we recently predicted and demonstrated [34, 35] . In this Paper we investigate, both theoretically and experimentally, nematicon propagation in non-uniformly aligned NLC with a longitudinally varying, but transversely constant optic-axis orientation, i.e., with θ 0 = g(z).
At variance with previous investigations and reports, this particular configuration allow us to single out the effects of the birefringent walk-off on the beam trajectory, excluding refraction and phasefront distortions, as the index distribution of the medium remains uniform across the beam profile, with n e and the effective birefringence n e − n changing in the propagation direction only. This studied case encompasses an input beam with electric field polarized along y and wavevector k ẑ, a director orientation in the principal planeŷẑ and a linear variation of θ 0 alongẑ, with all the parameters constant across the other transverse axisx (thickness). The experimental results in planar samples realized by electronbeam lithography are in excellent agreement with a simple model based on modulation theory and momentum conservation, demonstrating the easy design and feasibility of such non-uniform structures for curved and bent all-optical waveguides.
II. SAMPLE GEOMETRY AND EXPERIMENTAL CONFIGURATION
We prepared 30µm-thick NLC samples with in-plane anchoring at the inner interfaces of a planar glass cell, using the mixture 6CHBT (synthesized at the Military University of Technology, Warsaw, Poland [36] ) with n ⊥ = 1.4967 and n = 1.6335 at room temperature and wavelength λ = 1064nm, critical temperature T c = 43 0 C and elastic constants K 11 = 8.96pN , K 22 = 3.61pN and K 33 = 9.71pN for splay, twist and bend, respectively.
The cell was fabricated with 1.1mm-thick BK7 glass slides; the propagation length was 1 or 2 mm along z, depending on the geometry. In order to realize the modulated orientation, the upper and lower slides were exposed to electron-beam lithography in order to define the molecular director anchoring θ 0 at the boundaries across the thickness x [35, 37] . The angular modulation was implemented at a 1 0 /11µm rate. Figure 1 (a) is a sketch of the sample with uniform distribution θ 0 = 45 0 . Such an orientation prevents the Freedericksz transition and maximizes the nonlinear response [38] . We injected a linearly polarized Gaussian beam at λ = 1064nm with electric field oscillating alonĝ y, focused by a microscope objective to a waist w 0 ≈ 3µm at the input in order to launch a nematicon. A CCD camera acquired the out-of-plane scattered light and monitored the beam evolution in the planeŷẑ. In this case, the nematicon trajectory is determined only by the constant walk-off, leading to a rectilinear path, as visible in Fig. 1(b) . Fig. 1 (c) graphs the calculated extraordinary refractive index and walk-off versus the initial (at rest) director alignment θ 0 for this specific NLC. Close to θ 0 = 45 0 the walk-off reaches its maximum of nearly δ = 5 0 . Fig. 2(a) . The variations in θ 0 affect both the refractive index and the walk-off ( Fig. 2(c) ) of the extraordinary-wave beam; in addition, the nonlinear response tends to vanish whenever θ 0 approaches zero.
III. MOMENTUM CONSERVATION
The experimental results can be modelled by the propagation of a linearly polarized, extraordinary wave of wavelength λ, wavenumber k 0 and power P 0 through bulk uniaxial NLC with orientation of the optic axis which varies down the cell. The polarization of the electric field E = E yŷ is taken to be the y direction.The NLC molec- ular director rotates in the (y, z) plane, with its orientation θ measured from k ẑ. The light beam is input at y = y 0 at z = 0, at which point the director forms an angle θ 0 . The orientation varies with z down the cell with θ 0 (z) = θ 0 (0) + θ b (z). Finally, the beam causes an additional all-optical reorientation denoted by ψ. Hence, the total angle of the optic axis with the z direction is
The pointwise extraordinary refractive index n e is given in terms of the director orientation by
where, as defined above, n ⊥ and n are the refractive index eigenvalues. The optical anisotropy is defined as ∆ǫ = n 2 − n 2 ⊥ . In the paraxial, slowly varying envelope approximation the equations governing the evolution of the beam in NLC are then [7] 2ik 0 n e ∂E y ∂z + 2ik 0 n e ∆(Φ) ∂E y ∂y
for the electric field of the light beam and
for the medium response. In the director equation (4) the single elastic constant approximation has been made so that the elastic constants for bend, twist and splay are taken equal to K. Here, the Laplacian ∇ 2 is in the transverse (x, y) plane. The walk-off δ is expressed in terms of the coefficient ∆ in the electric field equation (3) by tan δ = ∆, with ∆(Φ) = ∆ǫ sin 2Φ ∆ǫ + 2n 2 ⊥ + ∆ǫ cos 2Φ (5) and ∆(Φ) ≈ ∆(θ 0 (z)) in the weakly nonlinear regime. K is the elastic constant of the NLC in the single constant approximation, assuming equal elastic constants for bend, twist and splay.
In their full form, the nematic equations (3) and (4) are difficult to solve, or even find approximate solutions for. But a low power approximation can be made so that asymptotic solutions can be derived. For low power beams, the optical reorientation ψ is much less than the imposed orientation θ 0 (0) + θ b , |ψ| ≪ |θ 0 (0) + θ b |. In this case the trigonometric functions in these equations can be expanded in Taylor series about θ 0 (0)+ θ b . In this low power limit, equations (3) and (4) become
The electric field equation (6) can be simplified using the phase transformation
After this transformation, the nematic equations become 2ik 0 n e ∂Ẽ y ∂z + 2ik 0 n e ∆(θ 0 (0) + θ b (z)) ∂Ẽ y ∂y + ∇ 2Ẽ y +k 2 0 ∆ǫ sin 2 (θ 0 (0) + θ b (z)) ψẼ y = 0,
The final simplification is obtained by setting the equations in non-dimensional form. We define the scalings W for the transverse directions, D for the longitudinal direction and E for the electric field as
Let us take the input beam to be a Gaussian beam of power P 0 and width W b . It is then found from equations (9) and (10) that suitable scaling parameters are W = λ π ∆ǫ sin 2θ 0 (0) , D = 2n e λ π∆ǫ sin 2θ 0 (0) ,
so that the nematic equations (9) and (10) in nondimensional form are
with the Laplacian ∇ 2 in the transverse non-dimensional variables (X, Y ). The parameters γ and ν are γ = 2n e ∆ǫ sin 2θ 0 (0) and ν = 8K ǫ 0 ∆ǫE 2 W 2 sin 2θ 0 (0) .
(15) This non-dimensional form of the model will be used to analyze the trajectory of a nematicon owing to the varying orientation θ b . In the case of a uniform NLC, so that θ b = 0, equations (13) and (14) reduce to a standard form [39] .
The trajectory of a nematicon in non-uniform NLC can be found using what is mathematically momentum conservation for the solitary wave. The simplest method to find this momentum equation is from the Lagrangian formulation of the nematic equations (13) and (14), which is
The * superscript denotes the complex conjugate and the Z and Y subscripts denote derivatives. In principle, the momentum equation for a nematicon is now found by substituting the nematicon solution for u and ψ into the Lagrangian (16) . This Lagrangian is then "averaged" by integrating in X and Y from −∞ to ∞ (as a solitary wave has infinite period), leaving an averaged Lagrangian L which is a function of Z [40] . Variations of this averaged Lagrangian with respect to the nematicon parameters yield (modulation) equations determining its trajectory [40] . This Whitham modulation theory is a version of the applied mathematics method of multiple scales [41] optimized for slowly varying, nonlinear dispersive waves. However, the nematic equations (13) and (14) have no known general nematicon (solitary wave) solutions, but only isolated solitary wave solutions for fixed parameter values [42] . When there are no exact solutions on which to base modulation equations, variational approximations are useful and give accurate predictions [43] . In the present context, they yield results for nematicon refraction and scattering in excellent agreement with both numerical solutions [34, [44] [45] [46] [47] and experimental results [35, 48, 49] . Variational methods usually require the use of a reasonable approximation to the unknown solitary wave profile. However, for the derivation of the momentum equations governing the trajectory of the nematicon this is not necessary and the profile can be left general, for reasons discussed below. We then assume that the nematicon solution has the form u = af e (ρ e )e iσ+iV (Y −ξ) and ψ = αf d (ρ d ), (17) where
The nematicon f e and director f d profiles are not stated and are not needed to determine the nematicon trajectory. As the nematicon evolves due to the change in the medium, its amplitude a and width w oscillate and it refracts, so that its velocity V and position ξ evolve. It was found earlier [44, 45, 47] that the amplitude/width evolution of the soliton decouples from its trajectory evolution due to the highly nonlocal response [7] . The main effect of the nematicon amplitude/width oscillations is to cause it to shed dispersive radiation enabling it to reach a steady state. This radiation has momentum and so affects the nematicon trajectory, in turn. However, for a large nonlocality the shed radiation has low amplitude and is emitted on a long z scale [39, 44] , so that the approach to a steady state is very slow. In fact, the high nonlocality gives rise to a very wide potential well around the evolving solitary wave, which essentially traps the radiation. As we are only interested in the nematicon trajectory, we can assume that its amplitude a and width w, as well as the amplitude α and width β of the molecular director distribution, are constant and consider that only the velocity V and position ξ depend on Z. Substituting the nematicon trial functions (17) into the Lagrangian (16) and averaging results in the averaged Lagrangian
The integrals S 2 , S 22 , S 42 and S m appearing in the averaged Lagrangian are
ζf ′2 e (ζ) dζ,
Taking variations of the averaged Lagrangian (19) with respect to the velocity V and position ξ results in the modulation equations These modulation equations are momentum equations for the nematicon trajectory. The nematicon velocity does not change and is fixed by its value at input, unlike nematicon refraction when the medium varies in the lateral (X, Y ) directions [34, 35] . This is because the medium only varies in the longitudinal direction Z, which is a time-like variable for the NLS-type equation (13) . The director angle variation θ b for the structure in Fig.  2 (a) is linear in z (and Z). The imposed angle at Z = 0 is θ b = 0. We set the angle at the end of the cell as θ r at the non-dimensional distance Z = L n . In this case
The position equation (22) then has the solution
ln ∆ǫ + 2n 2 ⊥ + ∆ǫ cos 2 (θ 0 (0) + mZ) ∆ǫ + 2n 2 ⊥ + ∆ǫ cos 2θ 0 (0) (24) for the nematicon trajectory, where ξ 0 is the nondimensional input beam position. The solution (24) also applies in the second half of the structure in Fig. 2(b) for which the imposed background angle varies from −π/4 to π/4 by setting θ 0 (0) = −π/4 and θ r = π/4. However, as cos x is antisymmetric about x = π/2, the solution (24) also applies to the whole structure in Fig. 2(b) as is. 
IV. EXPERIMENTAL AND NUMERICAL RESULTS FROM NON-UNIFORM SAMPLES
We firstly investigated a sample with the structure illustrated in Fig. 2(a) , acquiring the nematicon path for a director orientation changing from 45 0 at z = 0 to −45 0 at z = 1000µm. Fig. 3 shows the experimentally acquired beam evolution in the principal plane (y, z). For an ordinary wave (TM-like) input beam, the structure behaves as a uniform sample with an ordinary refractive index, leading to linear diffraction of the beam (Fig. 3(a) ). For an extraordinary wave (TE-like) beam, the non-uniform orientation has a significant impact on the trajectory. Fig. 3(b) shows the acquired image of a TE beam at low power (linear diffraction), while Fig. 3(c) is the corresponding case at high power, above 2mW , such that a nematicon was generated. The nematicon path follows the change in orientation, resulting in the bent trajectory displayed in Fig. 3(d) . Fig. 3 (e) graphs the comparison between the calculated (red line) and the measured (black squares) walk-off versus propagation distance, showing excellent agreement. In the weakly nonlinear regime of interest here the beam walk-off remains essentially determined by the background orientation θ 0 (z).
Next we examined the role of walk-off on a nematicon path for the case of the director orientation changing from 45 0 at z = 0 to −45 0 at z = 1000µm and back to 45 0 at z = 2000µm, as in Fig. 2(b) . Fig. 4 shows photographs of the acquired beam evolution. As in the previous case FIG. 5: Measured beam width versus propagation distance for various input powers in the two investigated geometries (Fig. 2(a) and Fig. 2(b) ): (a) the orientation changes from 45 0 to −45 0 over z = 1000µm; (b) the orientation changes from 45 0 and back to 45 0 over z = 2000µm.
( Fig. 3(a) ) an ordinary wave (TM-like) beam diffracts and evolves essentially along k ẑ. (Fig. 4(a) ). Panels 4(b-c) are images of a TE-like beam at low power (linear diffraction) and at high excitation with nematicon formation, respectively. At powers near or slightly above 2mW , the input beam becomes self-confined with its walk-off determined by the change in orientation, resulting in a doubly bent trajectory ( Fig. 4(d) ). Fig. 4 (e) compares the calculated (red line) and measured (black squares) walk-off versus propagation distance for the high power case. Once again, the agreement is remarkably good.
It can be seen on comparing the theoretical and experimental trajectories of Figures 3(d) and 4(d) that the difference between them grows with propagation distance. This is due to the accumulation of errors in the asymptotic analysis leading to the momentum equations (21) and (22) as z increases. These errors are due to (i) the neglect of the optical contribution ψ in the walkoff ∆ in the electric field equation (13) , (ii) the linearisation of the full nematic equations (3) and (4) assuming that the optical reorientation ψ is small and (iii) the neglect of scattering losses.
Noteworthy, even though the background reorientation θ 0 (z) goes through 0 0 where no nonlinear response is expected below the Freedericksz transition, selfconfinement and the nematicon survive without significant change owing to the abiabatic character of the modulation. Such robustness of a solitary wave solution across non-uniform regions-including linear regionsis supported by the large nonlocality of the medium, even along the propagation coordinate (see also Ref. [50] ).
Finally, Fig. 5 compares the measured e-wave beam widths versus propagation distance in both the investigated geometries and for various input beam powers. These plots confirm the breathing character of reorientational spatial solitons in NLC [51] .
V. CONCLUSIONS
We have demonstrated solitary wave bending and double bending in longitudinally modulated nematic liquid crystals with an optic axis orientation linearly varying along the propagation distance. In such a configuration the curved trajectory is solely due to changes in walkoff without refraction effects, allowing for an excellent match between a simplified model and the experimental results. This investigation, singling out the role of birefringence against the combined effects of birefringence and refraction, is of relevance in the design and realization of reorientational structures utilizing both transverse and longitudinal modulations of the director orientation, paving the way for the engineering of desired solitary wave paths, either in the dynamic limit or for permanent guided-wave photonics, based on beam-induced material moulding through nonlinear sculpting [14] .
